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Abstract. We construct a generalization of Courant algebroids which are classified by the third 
cohomology group H 3 (A, V), where A is a Lie Algebroid, and V is an A-module. We see that both 
Courant algebroids and 8 1 (M) structures are examples of them. Finally we introduce generalized 
CR structures on a manifold, which are a generalization of generalized complex structures, and 
show that every CR structure and contact structure is an example of a generalized CR structure. 



1. Introduction 

Courant algebroids and the Dirac structures associated to them were first introduced by Courant 
and Weinstein (see [5] and [7]) to provide a unifying framework for studying such objects as Poisson 
and symplectic manifolds. Ai'ssa Wade later introduced the related £ 1 (M)-Dirac structures in [27] 
to describe Jacobi structures. 

In |14j , Hitchin defined generalized complex structures which are further described by Gualtieri 
in |13j . Generalized complex structures unify both symplectic and complex structures, interpolating 
between the two, and have appeared in the context of string theory (TH|. In [IB, Iglesias and 
Wade describe generalized contact structures, an odd-dimensional analog to generalized complex 
structures, using the language of 5 1 (M)-Dirac structures. 

In this paper, we shall define AV-GowcaiA Algebroids, a generalization of Courant algebroids 
which also allows one to describe £ 1 (M)-Dirac structures. We will show that these have a classifi- 
cation similar to Severa's classification of exact Courant algebroids in [23] . 

To be more explicit, let M be a smooth manifold, A — > M be a Lie algebroid with anchor map 
a : A — > TM, and V — > M a vector bundle which is an A-module. If we endow V with the structure 
of a trivial Lie algebroid (that is: trivial bracket and anchor), then it is well know that the extensions 
of A by V are a geometric realization of H 2 (A, V) (see [IS], for instance). In this paper, we introduce 
Ay-Courant algebroids and describe how they are a geometric realization of H 3 (A, V). 

We then go on to show how to simplify the structure of certain Al^-Courant algebroids by pulling 
them back to certain principal bundles. Indeed, in the most interesting cases, the pullbacks will 
simply be exact Courant algebroids. 

We then introduce AV-Dii&c structures, a special class of subbundles of an AF-Courant algebroid 
which generalize Dirac structures. Finally, we will introduce a special class of AV-T)irac structures, 
called generalized CR structures, which allow us to describe any complex, symplectic, CR or contact 
structure on a manifold, as well as many interpolations of those structures. Poisson and Jacobi 
structures are central to this description; and while Jacobi brackets do not generally satisfy the 
leibniz rule, as a consequence of the ideas in this paper we show how one can think of a Jacobi 
structure on a manifold as a Lie bracket on the sections of a certain line bundle which does satisfy 
the Leibniz rule. 

It is important to note that there are other constructions related to AlZ-Courant algebroids. For 
instance, recently Z. Chen, Z. Liu and Y.-H. Sheng introduced the notion of i?-Courant algebroids [5J 
in order to unify the concepts of omni-Lie algebroids (introduced in [3J, see also jj]) and generalized 
Courant algebroids or Courant-Jacobi algebroids (introduced in [23J and [IT] respectively; they are 
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equivalent concepts see [23). The key property that both E'-Courant algebroids and AT^-Courant 
algebroids share is that they replace the M-valued bilinear form of Courant algebroids with one 
taking values in an arbitrary vector bundle [E or V respectively). Nevertheless, while there is 
some overlap between i?-Courant algebroids and AV-Qovx&nt algebroids in terms of examples, 
these constructions are not equivalent. Moreover, this paper is distinguished from [5] by having the 
definition of generalized CR manifolds as one of its main goals. 

Meanwhile generalized CRF structures, introduced and studied in great detail by Izu Vaisman in 
[26 , and generalized CR structures describe similar objects. To summarize, a complex structure on 
a manifold M is a subbundlc H C TM © C such that 

(1.1) H ® H = TM © C 



and [H, H] C H. The definition of a CR structure simply relaxes ( 1.1 1 to H D H = 0. On the other 
hand, the definition of a generalized complex structure replaces TM with the standard Courant 
algebroid TM — T* M © TM in the definition of a complex structure, and in addition, requires 
H C TM © C to be isotropic. 

The definition of a generalized CRF structure parallels the definition of a generalized complex 
structure, but relaxes the requirement that H © H = TM © C to H n H = 0. Among numerous 
interesting examples of generalized CRF structures are normal contact structures and normalized 
CR structures (namely those CR structures H C TM © C for which there is a splitting TM © C — 
H © H © Q c and [H, Q c ] C H © Q c ). 

Generalized CR structures differ from generalized CRF structures in multiple ways, in particular 
they replace the standard Courant algebroid with an ^y-Courant algebroid A, and furthermore 
they take a different approach to describe contact and CR structures, using only maximal isotropic 
subbundles but allowing H n H to contain 'infinitesimal' elements. 

Acknowledgements. We would like to thank Eckhard Meinrenken for all his helpful suggestions 
and discussions, his patience and his encouragement. We would like to thank Ai'ssa Wade and 
Henrique Bursztyn for their encouragement and suggestions. D.L.-B. was supported by an NSERC 
CGS-D Grant. 

2. Courant Algebroids 

Let M be a smooth manifold, A — > M a Lie algebroid, and V —> M a vector bundle which is an 
A- module, that is, there is a C°° (M)-linear Lie algebra homomorphism 

(2.1) L. : T(A) -> End(r(F)) 

satisfying the Leibniz rule. (See [H] for more details.) 

For any A-module V, the sections of V © /\*A* have the structure of a graded right /\*T(A*)- 
module, and there are several important derivations of its module structure which we shall use 
throughout this paper. The first is the interior product with a section X 6 T(A), 

l x ■ r(V © AM*) — * r(V © A i-1 yT), 

a derivation of degree -1. 

The second is the Lie derivative, a derivation of degree 0, defined to be the unique derivation of 



V © A* A* whose restriction to V is given by (2.1), and such that the graded commutator with b. 
satisfies 

[£>X, I'Y] = L [X,Y}- 

Finally the differential d, a derivation of degree 1, is defined inductively by the graded commutator 
C x = [d,i X ] (for all X e T(A)). 
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It is easy to check that d 2 — 0, and the cohomology groups of the complex (T(V ® A' A*), d) are 
denoted H'(A,V). 

2.1. Definition of AF-Courant Algebroids. Let A be a Lie algebroid, and V an A-module. 

Definition 1 (AF-Courant Algebroid). Let A be a vector bundle over M, with a V- valued sym- 
metric bilinear form (•, •) on the fibres of A, and a bracket [,] on sections of A. Suppose further 
that there is a short exact sequence of bundle maps 

(2.2) Q^V®A*±>A^A->Q. 
such that for any e G L(A) and £ e L(V ® A*), 

(2.3) (e,i(0) = Me)C- 

The bundle A with these structures is called an ^ly-Courant algebroid if, for / 6 C°°(M), and 
e,ei <G r(A), the following axioms are satisfied: 

AV-1 [ ei , [ea, e 3 ]] = [[ei, e 2 ], e 3 ] + [e 2 , [ ei , e 3 ]] 

AV-2 7r([ ei) c a ]) = [7r(ei),7r(ea)] 

AV-3 [e, e] = §D(e, e) where D = jod 

AV-4 £ 7r(ei) (e 2 ,e 3 ) = ([ei, e 2 J, e 3 ) + (e 2) [ei,e 3 J) 

we will often refer to [•, •] as the Courant bracket. 

Remark 1. Axioms (AV-[T| and (AV-EJ) state that [e, •] is a derivation of both the Courant bracket 
and the bilinear form, while Axiom (AV-[2]) describes the relation of the Courant bracket to the Lie 
algebroid bracket of A. One should interpret Axiom (AV-|3| as saying that the failure of [•, •] to be 
skew symmetric is only an 'infinitesimal' D(-). 

The bracket is also derivation of A as a C°° (M)-module in the sense that 

[ei, /e 2 ] = /[ex,e 2 ] +ao7r(e x )(/) ■ e 2 

for any e x , e 2 € L(A) and / € C°°(M). In fact if e 3 E T(A), 

(a o 7r(ei)(/) • e 2 + /[ei, e 2 ] - [e x , /e 2 ], e 3 ) 
(by (AV^§) = (a o 7r( ei )(/) • e 2 + /[ei, e 2 ], e 3 ) - 7r(ei)(/e 2 , e 3 ) + </e 2 , [e 1; e 3 ]) 

= a o 7r(ei)(/)(e 2 , e 3 > - 7r(ei)(/e 2 , e 3 ) + /(([ei, e 2 ], e 3 ) + (e 2 , [ei, e 3 ]» 
(by(AV-gl) = ao7r( ei )(/)(e 2 ,e 3 ) -7r( ei )(/e 2 ,e 3 ) +/7r( ei )(e 2 ,e 3 ) 

= 0, 

where the last equality follows from the fact that V is an A module. Since this holds for all e 3 € L(A), 
and (•, •) is non-degenerate, the statement follows. 



Remark 2. One notices that (2.3) and exactness of (2.2) implies that the map 



(2.4) e — > (e, •) : A ^ V (g) A* 

is an injection. Consequently, if V is a line bundle, it follows that A ~ V <£> A*, and j must be the 
composition 

j:V®A* V ® A* ~ A. 
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2.2. Splitting. We call : A — > A an isotropic splitting, if it splits the exact sequence (2.2 1 and 
4>(A) is an isotropic subspace of A with respect to the inner product. 

Remark 3. Such splittings exist. In fact we may choose a splitting A : A — > A, which is not 
necessarily isotropic. 

Then we have a map 7 : A — > V <g> A* given by the composition 

We let </> = A — |j o 7. It is easy to check that 4> is an isotropic splitting. 

If <f> : A — ► A is an isotropic splitting, then we have an isomorphism © j : A © (V <£> A*) — > A. 

Proposition 1. Le£ : A — > A be an isotropic splitting. Then under the above isomorphism, the 
bracket on A © (V £g> A*) is given by 

(2.5) [X + ^Y + 77] = [X,y]+£ x r ? - ty ^ + t x^^, 

w/iere X,Y E T(A), £,rj G r(V <g> A*), and ify G r(F <g> A 3 A*) ; tiratft dff^ = 0. 

Furthermore, ifip : A ^ A is a different choice of isotropic splitting, then ip(X) — 4>(X)+j(ix(5), 
and Hjf, = H^ — d/3, where /3 G T(V <g> A 2 A*). 

The proof is relegated to the appendix, since it is parallel to the proof for ordinary Courant 
algebroids (see [T] or [2~i]L 

Theorem 1. Let A be a Lie algebroid and V an A-module. Then the isomorphism classes of 
AV -Courant algebroids are in bijective correspondence with H 3 (A, V). 

Proof. If H G T(V <g> A 3 A*), and tiff = 0, then let A = A © (V <g> A*). We define (•, •) by 

(2.6) (X + t,Y + V ) = i X Ti + iYt, 



where £,77 G T(V ® A*) and X, Y G T(A). We define the bracket to be given by Equation (2.51. It 
is not difficult to check that this satisfies the axioms of an AV-Courant algebroid. 

Conversely, by the above proposition, every Al^-Courant algebroid defines a unique element of 
H 3 (A,V). □ 

3. Examples 

Example 1. Let M be a point, then a Lie algebroid A is simply a Lie algebra, and an A-modulc V 
is a finite dimensional representation of A as a Lie algebra. H l (A, V) is simply the V- valued Lie 
algebra cohomology, and H 3 (A, V) classifies the Ay-Courant algebroids over a point. Note that an 
Ay-Courant algebroid over a point is a Lie algebra if and only if V is a trivial A-representation. 

Example 2 (Exact Courant Algebroids). If we let A ~ TM and V = M x 1 be the trivial line 
bundle with a trivial TM-module structure, then we have the class of exact Courant algebroids (see 
[6] or [7]) on M, 

>T*M^^A — ^>TM M). 

Theorem [l] then corresponds to Severa's classification of exact Courant algebroids. 

Example 3 (£ 1 (M) Structures). The bundle £ 1 (M) was introduced by A. Wade in [27], and is 
uniquely associated to a given manifold M. Within the context of our paper, it is easiest to define 
E 1 (M) by using the language of Al^-Courant algebroids: 

We let A — TM © L, where L ~ R is spanned by the abstract symbol J^. The bracket is given 

by 

[X ®f^Y(S g^U = [X, Y] TM © (X(g) - Y(f))~ 
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where X, Y £ X(M), and f,g e G°°(M). 

Let V be the trivial line bundle spanned by the abstract symbol e*, so that T(V) = {e t h\h S 
C°°(M)}. V has an A-module structure (as suggested by the choice of symbols) given by 

(X®f^)(e t h) = e t (X(h) + fh). 



We let A := (TM © L) © (V <g> (T* M © L*)), and define a bracket on sections by Equation pl>|. I t 
is clear that this data defines an Ay-Courant algebroid on M. If we set H = in Equation ( |2.5| , 
then the pair (A, [■, ■]) associated to M is the £ 1 (M)-Structure, as introduced by A. Wade in [27 . 

Example 4 (Equivariant ^4F-Courant Algebroids on Principal Bundles). Let v : P — > M be a G- 
principal bundle. Suppose that A is a Lie algebroid over P and V is an ^4-module; and that there 
is an ^4T^-Courant algebroid on P, 

Q^V®A*^A^A^Q. 

If the action of G on P lifts to an action by bundle maps on V , A and A, such that all the structures 
involved are G-equivariant. Then the quotient, 

-» (V <E> A*)/G -> A/G -> A/G -» 0, 

is an A/G V/G-Courant algebroid. 

Example 5. Let v : P — * M be a G-principal bundle, and a /j-dimcnsional vector space possessing 
a linear action of G. We regard W as a trivial bundle over P, and we consider the bundle T := 
TP© (W / (g)T*P), endowed with a W- valued sym metri c bilinear form given by Equation (2.6 1. We 
also define a bracket on sections of T by Equation (2.5) where H S ^ 3 (P, W) G is closed, then 

-> <g> T*P ^> T ^ TP -> 

is an equivariant TP VK-Courant algebroid on P (where J and 7r are the obvious inclusion and 
projection). Thus (as in Example [4}, we have an AV-Courant algebroid on P/G, where A = TP/G 
is the Atiyah algebroid, and V — P XqW 

Note, if W is 1-dimensional, then the TP M^-Courant algebroid given above is simply an exact 
Courant algebroid. 

As it turns out, this is quite a general example. Indeed if A is a transitive Lie algebroid, then 
locally all AV^-Courant algebroids result from such a construction (See Section [5]) . 

Remark 4. In the above example, one could replace P x W with any flat bundle. 

Example 6. As a special case of Example [5] if we take G = M, then P = M x M is a G-principal 
bundle where the action is translation. We let W be the trivial line bundle over P and let t S G act 
on W by scaling by e*. 

To describe the G-action explicitly, we make the identification L(V4 7 ) = G°°(M x M); and then 
the action is given by 

, , RxG°°(MxR) -► G°°(MxR) 

{ ' (tj(x,s)) - c-V(z,« + *) 

The quotient of the TP W^-Courant algebroid on P with H = under this action is precisely the 
£ 1 (Af)-Structure on M = P/R. 

Example 7. If A is a Lie algebroid over M, V is an A-module, and A is an Al^-Courant algebroid 
on the manifold M, and if F C M is a leaf of the singular foliation defined by a(A), then i*A is an 
i*A z*F-Courant algebroid on F, where i : F — > M is the inclusion. 



6 



DAVID LI-BLAND 



4. AU-Dirac Structures 

Definition 2 (AU-Dirac Structure). Let M be a manifold, A — » M be a Lie algebroid over M, 
V — ► M an A-module, and A an AU-Courant algebroid. Suppose that L C A is a subbundle, since 
A has a non-degenerate inner product, we can define L 1 - = {v € A | (i>, it) = Vu G L}. 

We call L an almost AV-Dirac structure if L = L. An AV-Dirac structure is an almost AV- 
Dirac structure, LcA which is involutive with respect to the bracket [, ]. 

Remark 5. If L C A is an AU-Dirac structure, then [e, e] = \D(e, e) = for any section e G L(L), 
so [, ] is skew-symmetric when restricted to L, and then by the other properties of the bracket, it 
follows that a o 7r : L — > TM is a Lie algebroid, and tt : L — > A is a Lie algebroid morphism. 

Example 8 (Invariant Dirac Structure on a Principal Bundle). Using the notation of Example [4] 
suppose that the A/G U/G-Courant algebroid A/G on M is the quotient of a AU-Courant algebroid 
A on P. If L C A is an AU-Dirac structure which is G invariant, then it is clear that L/G C A/G 
is an A/G V/G-Dirac structure (see Example [4]) . 

Example 9 (£' 1 (M)-Dirac Structures). Using Example [3] we can describe £ 1 (M), the bundle intro- 
duced by A. Wade in [37], as an AV-Cow&nt algebroid. In this context, the £' 1 (M)-Dirac structures 
(also introduced by A. Wade in [27]) correspond directly to the AU-Dirac structures. 

5. Transitive Lie Algebroids 

5.1. Simplifying AU-Courant Algebroids. Suppose that A is a Lie algebroid, V is an A-module, 
and A is an AU-Courant algebroid over M (where we use the notation given in the definition of 
AU-Courant algebroids) . We will assume for the duration of this section that M is connected, and 
we require that A be a transitive Lie algebroid, namely the anchor map a : A — > TM is surjective 
(see [T3] for more details). 

Since A may be quite complicated, we wish to examine whether this AU-Courant algebroid is the 
quotient of a much simpler A'U'-Courant algebroid on a principal bundle over M, where A' is a very 
simple Lie algebroid and V is a very simple A'-module. To be more explicit, we wish to examine 
whether A results from the construction in Example [5] For this to be true, it is clearly necessary 
that A be the Atiyah algebroid of that principal bundle; namely if P is the principal bundle, then 
A = TP/G. The existence of such a principal bundle is equivalent to the integrability of A as a Lie 
algebroid: 

Proposition 2. Suppose that A — > M is an integrable transitive Lie algebroid, that is to say, there 

s 

exists a source- simply connected Lie groupoid F S M with Lie algebroid A (see 1191 for more 

t 

details). Then A is the Atiyah algebroid of a principal bundle. 

Conversely, if A is the Atiyah algebroid of a principal bundle, then A is an integrable Lie algebroid. 

Proof. Suppose first that A is integrable, then using the notation in the statement of the proposition, 
where s : T — * M is the source map and t : T — » M is the target map, let x G M, let P = T x := 
s-^x), and let G = T X X := S - l {x) n ^(x). 

Since A is transitive, t : P — > M is a surjective submersion, for clarity, we define p := t\p. 
Furthermore, if y G M, and g G r|, then g : p^ x (x) — > p^ 1 (y) is a diffeomorphism, so p : P — > M is 
a fibre bundle, with its fibre diffeomorphic to G. In addition, G has a right action on P, given by right 
multiplication in the Lie groupoid. If p~ 1 {y) = T| is a fibre, and g G T^. then the diffeomorphism 
g : p^ 1 (x) — > p _1 (y) is given by left groupoid multiplication while the action of G on P is given by 
right groupoid multiplication, so it is clear that the two operations commute, from which it follows 
that G preserves the fibres of P, acting transitively and freely on them. Thus P is a principal G 
bundle. 
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Since A is the Lie algcbroid of T, it can be identified with the right invariant vector- fields on T 
tangent to the source fibres. However, since A is transitive, any two source fibres are diffeomorphic 
by right multiplication by some element. Thus A can be identified with the G invariant vector fields 
on P. 

Conversely, if A is the Atiyah algebroid of some principal bundle, it obviously integrates to the 
gauge groupoid associated to that principal bundle (see [9] or Remark [{jl, and we may take V to be 
the source-simply connected cover of the gauge groupoid. □ 

We now examine whether V is an associated vector bundle. 

Proposition 3. Suppose that A is an integrable transitive Lie algebroid, and V — > M is an A- 
module. Then there exists a (possibly disconnected) Lie group G, and a simply connected principal 
G-bundle P —* M such that V is the quotient bundle of P x K fc , for some G action on M. k . Ln this 
setting, the standard action of X(P) on G°°(P, M. k ) induces the module structure on V. 

Proof. Using the notation and the Lie groupoid described in the previous proposition, we consider 
Trc x V x , where V x is the fibre of ^ at i. We may assume that T is source simply connected and 
consequently since V is an A- module, by Lie's second theorem there exists a Lie groupoid morphism 
L — > GL(y)Q Thus L acts on V and we have a map p : r x x V x — ► V given by (g, v) — > gv, this is 
clearly a surjective submersiorj^j Furthermore, 

Pig, «) = p(g', v') o <rV e T% and v = {g~ x g')v'. 

Thus, letting G ~T% and P = T x , we have V ~ (T x x V x )/G ~ (P x V x )/G. 

Furthermore, identifying V x with R k , if X G X{P) ~ ^(r^), and a € C°°(P,E' £ ), then the 
standard action of X on <r is given by X(er) z = ^ \ t =oo~(e tx z) for any z G P ~ r x . If we suppose 
that X and tr are G invariant, then 

9 d 
p( — \ t=0 a(e tx (z))) = Q- t \t=o(e- tx p(a)) p{z) = (£ x p(o-)) p{z) , 

since we defined the action of T on V in terms of the A-module structure of V. □ 

Proposition 4. Suppose that A is an integrable Lie algebroid, and V — > M is an A-module. Then 
A results from the construction given in Example [3| Namely there exists a Lie group G, and a 
principal G-bundle P — > M such that A is the quotient of a TP M. k -Courant algebroid Furthermore, 
if L C A is an AV-Dirac structure, then it is also the quotient of a corresponding TP M. k -Dirac 
structure on P. 

Consequently, if V is a line-bundle, then A is simply the quotient of an exact Courant algebroid 
on P. 

Proof. We choose some isotropic splitting of A, so that 

A~ A® (V <g> A*), 



the bracket is given by Equation (2.5), and the symmetric bilinear form by Equation (2.6 1. Then 
we can use the previous propositions to lift the right hand side to a principal bundle: 

By the above propositions, there exists a (possibly disconnected) Lie group G, and a simply 
connected G-principal bundle, v : P — > M, such that A ~ TP/G, and in addition to this there 
is a G-action on W := M dim ( y \ say A : G -► GL(W) such that V = P x G W. In this setting, 



^See, for instance, [8], |20| . or 1221 . for more details. Here GL(V) is the Lie groupoid of linear isomorphisms of 
the fibres of V, namely GL(V)% = Rom(V x , V y ). 

2 Since A is transitive and M is connected, t : Y x — > M is a surjective submersion. Let y £ M, and a : U — > Y x be 
a section (so that to a = id). Then (2, v) — > cr(z)(v) : U X V x — » Vjy is a diffeomorphism. 
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r(V® AM*) ~ n*(P, W) G , and d : T(V <E> AM*) -> r(V <8> A i+ M*) is the restriction of the exterior 
derivative d to fi*(P, W) G . 

Thus since i? e T(V ® A 3 A*) ~ f2 3 (P, IF) G , it is clear that we may view If as a G-invariant 
element of ft 3 (P, W), and define the TP VF-Courant algebroid W <g> T*P -> T -> TP in terms of 
it: Namely, T ~ TP © (W ® T*P) endowed with a valued symmetric bilinear form given by 
Equation (2.6), and the bracket given by Equation (2.5 1. (See Example [5] for more details on this 



construction.) 

It is clear that A is the quotient of this TP W-Courant algebroid. 

Equivalently, it is easy to see that TP = is* A, W — v*V and T = is* A. The W-valued symmetric 
bilinear form on T is simply the pullback of the V^-valued symmetric bilinear form on A, and if 
ei,ea G r(A), then [i>*ei,i/*e2] = ^*[ei,e2], and the bracket on T is then extended to arbitrary 
sections of T by Axioms (AV-|3]) and Remark [I] 

Next, let L = v*(L) C T. It is obvious that L 1 - = L => L = L; and similarly since L is 
involutive, so is L. 

Thus L C T is a TP tf/-Dirac structure, and L/G = L. □ 

Example 10. If A = TM and V is a flat vector bundle over M, then following the proof of Propo- 
sition Mj we see that G — 7i"i(M) is the fundamental group, and P = M is the simply connected 
covering space of M over which the pullback of V is a trivial vector bundle. 

Remark 6. The above propositions construct the principal bundle P, and the Lie group G. Suppose 
however, that we already have a Lie group G' , and a connected G'-principal bundle v' : P' — > M 
such that A ~ TP'/G'. It will not be difficult to see that A is the quotient of a AV^-Courant 
algebroid on P'. 

Let Q = (P' x P')/G', where we take the quotient by the diagonal action. Then 



is a Lie groupoid with Lie algebroid A, where the source map is s : [u, v] — > is'(v), the target map is 
t : [u,v] — * 1/(11), and the multiplication is [u, u] • [v,w] — [u,w]^ Hence by Lie's second theorem, 
(see [5], [2D], or [22], for instance for more details) since T, the Lie groupoid used in the proof of 
Proposition [3] is source simply connected, there is a unique Lie groupoid morphism <i> : L — * Q 
which restricts to the identity map on the Lie algebroid A. 

It follows that <l>|p : P — > P' is a covering map Jj and 4>|g : G — > G' is a covering morphism of 
Lie groups^] It is easy to see that H = ker(<i>| G ) ~ 7r(P'), and P' = P/P. 

Thus, we may take the quotient of the TP W^-Courant algebroid on P (constructed in Proposi- 
tion[4j by H, to form a TP' IV/P-Courant algebroid on P' whose quotient by G' is A. It is important 
to note that while IF is a trivial vector bundle, W/H is a flat vector bundle. 

Corollary 1. Suppose that V is an A-module, and M is contractible, then A is the quotient of a 
TP R k -Courant algebroid R k ® T* P -> T -> TP on some principal G-bundle, P. (See Example^. 
Furthermore, if L C A is an AV-Dirac structure, then it is also the quotient of a TP M. k -Dirac 
structure L c T. 

Proof. Every transitive Lie algebroid is integrable over a contractible space, see [19] for details. □ 



3 An element of Q is an equivalence class, which we may view as a subset of y'~ 1 (y) X i/'~ 1 (z) which is G invariant. 
As such, we may view it as the graph of an equivariant diffeomorphism v'~ 1 (y) — > v'~ 1 (z). The multiplication in Q 
is simply the composition of these diffcomorphisms. See [9] for details 

^Here we use the identifications P = T X and P' = Q x . It is a covering map since the right invariant vector fields, 
which are identified with the sections of A, span the tangent space of the source fibres. 

^Here we use the identifications G = T5; and G' = Q x . 
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5.2. Contact Manifolds. Iglesias and Wade show how to describe contact manifolds as £ 1 (M)- 
Dirac Structures in |15j . Thus in light of Example [9] we can describe them as AV-T)iva,c structures. 
We will now describe this same construction from a more geometric perspective, similar to their 
description in |16j : 

To simplify things, we assume that (M, £) is a co-oriented contact manifold, and we use the fact 
that there is a one-to-one correspondence between co-oriented contact manifolds and symplectic 
cones; namely, (N,u>n) is a symplectic cone, where N = Ann+(£) C T*M, Wjv is the two form 
induced from the standard symplectic form on T*M and the action is scalar multiplication along 
the fibres. 

Now X -> l x un : TN — ► T*N defines an isomorphism. We let L C TN © T*N be the graph of 
this morphism; and it is easy to check that L is a maximal isotropic subbundle of TN © T* N, and 
since ujn is closed, L is a Dirac subbundle of the standard Courant algebroid on N. To summarize, 
(A7, £) is a contact manifold if and only if L is the graph of an isomorphism, or simply L n TN = 0. 

We may make the identifications N ~ Mxl + and x, i — > x, ln(t) : Mxl + ~ MxM; consequently, 
as describ ed i n Example [6j the quotient of the standard Courant algebroid on N = M xl by the 



action (3.1) yields an £ 1 (M) bundle on A7; or an A^-Courant algebroid where A = TN/M. and 
V is the trivial line bundle on Af. 

Since lon is preserved by this action, it follows that its graph, L, is R-invariant and defines an 
5 1 (M)-Dirac structure which we denote by Lg. It is perhaps important to note that is defined 
intrinsically. We may conclude that: 

Proposition 5. (M, £) is a contact manifold if and only if L^nA — (under the canonical splitting). 
6. CR-STRUCTURES AND COURANT ALGEBROIDS 

Suppose M is a smooth manifold, let H C TM be a subbundle and suppose J G r(Hom(iJ, iJ)) is 
such that J 2 = -id. Then (H, J) is called an almost CR structure. We let H xfi <zC®H C C®TM 
denote the +i-eigenbundle of J, if i?i.o is involutive, then it is called a CR-structure. It is possible 
to describe this as a Courant algebroid: 

We consider the bundle H* ® H ~ T*M H/ Arm(H), and the bundle map J := — J* ffiJe 
r(B.am(H*®H,H*®H*)). It is clear that J 2 = -id. Let L = ker(I-i)®Arm(H) C C®(TM®T*M). 

Proposition 6. L is involutive under the standard Courant bracket if and only if J defines a CR 
structure. 

Proof. We notice that L = Hi q © Ann(iJ 10 ). Therefore L is involutive under the Courant bracket 
only if 7r(L) = H^q is involutive, where ir : TM © T*M — » TAf is the projection. Thus J defines a 
CR structure. 

Conversely, suppose that Hi o is involutive. Then if I is the ideal generated by Ann(_ffi i o) in 
r(C ® AT*M), then 7 is closed under the differential: d7 C 7. 

In particular, if we restrict our attention to a local neighborhood on A7, and a, is a local basis 
for Ann(77 1)0 ) and £ € r(Ann(77i, )), then d£ =^A A «i for some # e fi 1 (A7,C). Thus, for any 
X e r(77i ! o), we have, 

t>xd£ = Y J Pi{ x )<*i G r(Ann(77 li0 )), 

and 

£xC = rf^C + ^A^e - G r(Ann(77i, )). 
It follows that L is involutive under the standard Courant bracket. 

□ 



In the next section we shall generalize this construction. 
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7. Generalized CR structures 

Suppose that M is a manifold, A is a Lie algcbroid over M, V an A-module of rank one over M, 
and A an v4y-Courant algebroid over M. Suppose further that A has some distinguished subbundle 
H C A, and consider the bundle given by 

H = q(n-\H)), where q : w~ l {H) -> 7r _1 (ff)/j(V ® Ann(if)). 

Then the pairing on A restricts non-degenerately to EI, and we have an exact sequence 

0->y<8)ir^]HI^iJ^0. 

Definition 3. J S r(Hom(H, H)) is called a generalized CR structure if: 

(1) J is orthogonal (preserves the pairing on H) 

(2) J 2 = -1 

(3) L := g _1 (ker(JJ - i)) C C <g> A is involutive. 

Remark 7. L := {j _1 (ker(J — i)) C C ® A is a maximal isotropic subspace of A since ker(J — i) is 
a maximal isotropic subspace of H. In particular, since we assume that L is involutive, it is an 
AI^-Dirac structure. 

Remark 8. Here we have relaxed the requirement LDL = in the definition of a generalized complex 
structure. While we have allowed L n L to be non-trivial, it must lie in j(V (g> Ann(TJ)) C V ® A*. 
As pointed out in Remark [l] this can be interpreted as saying that L n L only fails to be trivial up 
to an 'infinitesimal'. On the other hand, we still require L to be an AF-Dirac structure. 

This is in contrast to the approach taken by generalized CRF structures, introduced by Izu 
Vaisman in [33], which requires L n L = 0, but does not require L to be a Dirac structure. 

It is well known that one can canonically associate a Poisson structure to every generalized 
complex structure. The analogue for generalized CR structures is to endow V <B> A* with a non- 
trivial Lie algebroid structure, which we shall do in a canonical fashion following the corresponding 
argument given for generalized complex structures in |13j . 

We have an inclusion i : H — ► A, and consequently a map J o j o (id ® i*) : V <g> A* — > H, which 
(abusing notation), we shall simply call J. We consider the family of subspaces of A given by 

D t := e a {V ® A*) + V <g> Ann(if) = g-^e* 1 ^ ® H*)). 

Since e tJI = cos(t) + sin(f)J : H — > H is orthogonal, and j(y <g> i?*) is a lagrangian subspace of H, it 
follows that D t is lagrangian for each t. 

The following proposition is a slight generalization of a result of Gualtieri [13] . 

Proposition 7. f Gualtieri) The family D t of almost AV -Dirac structures is integrable for all t. 

Proof. Let £i,£ 2 € r(V ® A*), then since F (g) A* C L © L, we may choose Xj e L(L), and 
Yj £ T(L), such that = Aj + Y,-. It follows that J£,- = - iYj + V (8 Ann(iJ). In fact, since 
L n Z = V (8 Ann(iT), by choosing Aj and Yj appropriately, we may suppose that iXj — iYj is 
any given representative of J o in 7r _1 (i7). Abusing notation will use the term J(£j) and our 

particular choice of representative iXj — iYj interchangeably. Then, 

[J6,J6]-[£i,6] 

= \iX x - iY 1 ,iX 2 - iY 2 \ - {X, + Yx, X 2 + Y 2 j 

= -2[x 1 ,x 2 ]- 2p^,r 2 ] 

and 

PCi,6]-Ki,J6] 

= [iXj. - iY u X 2 + Y 2 j - [Xi + Y 1 ,iX 2 - ^Y 2 ] 
= 2i[X 1 ,X 2 ]-2i[yi,Y 2 ] 
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Thus, since L and hence L are involutive, we have [J£i, J62] — [£i 5 £2] + V ® Ann(P) = J([J£i,£2] — 
Ki,J6]) + f® Ann(H) 

We let a = cos(t) and b — sin(t), and we have, 

[(0 + 61)^,(0+61)6] 

= o6(Ki, J£ 2 ] + Ki,61) + fo 2 Ki, J61 

= ob(Ki,J6] + Ki,6]) + & 2 (p£i,J£ 2 ] - I£i,£ 2 ]) 

So modulo V (g) Ann(-ff), we see that 

[(a + idfjfi, (a + 61)6] + V ® Ann(P) 

- b(a + 6J)([6, J£ 2 ] + Ri, £2]) + V ® Aiin(P) 

Since [£1, J£ 2 ] + [J£i,6] e F ® A* it follows that (cos(i) + sin(i)jT)(V ® A*) + V <g> Ann(i?) is 
involutive. 

□ 

We next consider the map P : V <g> A* — > P — > A, which for £, ?7 G <g> A*, is given by 

™,^> - (~lt= e tJ (£),r?) - (Je^> (= (<o7rojojoi*(0,»7)). 

Clearly, since J is an orthogonal almost complex structure on H, P will be given by an element of 
T(V* (g> f\ 2 A), which we will also denote by P. Adapting a proposition given in [T3], we have: 

Proposition 8. (Gualtieri) The bivector field P = jo7roJoj'oj* : V ® A* — > A defines a Lie 
algebroid structure on V ® A* : The bracket is given by 

[£, r /] = L P( ^) d V - Lp(-^)dS, + d(P(£, rj))), 

where £,tj € V <8 A*, and i/te anchor map by £ — > a o P(£, -)V ® A* — » TAf, where a : A — > TM 
is i/ie anchor map of A. Furthermore, the map £ — * a o P(£, •) : V ® A* — > A is a Lie-algebroid 
morphism. 

The proof is an adaptation of one found in |13j . 

Proof. We choose a splitting of the AV-Courant algebroid, and use the isomorphism and notation 
described in Proposition [l] Then if we choose t sufficiently small, the AI^-Dirac structures D t can 
be described as the graphs of (3 t E T(V* ® f\ 2 A). 

In [24 , it is shown that the integrability condition of a twisted Poisson structure j3 over a 3-form 
background 7, is \fi,0\ = A 3 /3(7), where /3 : T*M -> TM is given by /3(£)(?7) = /?(£,??). We would 
like to derive a similar equation for /? t , but we have not defined a bracket for sections of V* ® A 2 A. 
In order to define such a bracket, we first define a sheaf of rings over M: 

We let P := (S(V) <g> S(V*))/I, where S(V) denotes the symmetric algebra generated by V, and 
/ is the ideal generated by it (g> / — /(it) for / € r(V*) and u E T(V). Since V is one dimensional, 
if t G r(V) is a local basis then P is locally isomorphic to C°°(M)[t,t~ 1 ) as a ring. It is clear that 
it has a well defined Z grading, which for a homogeneous i> € P, we denote by £ 

r(S'(V r ) ® 5(y*)) is a r(A) module, where sections of T(A) act as derivations, and it is easy to 
check that T(I) is a sub-module. Thus it is clear that T(A) acts on r(P) by derivations satisfying 
the Leibniz rule with respect to the ring structure on P. 

We define a bracket on P <g> AM, as follows (for v, w E T(P) and P,Q E Y(h*A))\ 

• [X, v] = Xv for any X E T(A), and [v, w] = 

• [PAQ,u] = PA[Q,i;] + (-l)l c ?l[P,i;] AQ 

• [P, Q] is given by the Schouten-Nijenhuis bracket. 

• [vP,wQ] = (v[P,w])Q~ (-l^-^W-^iwiQ^VP + vw[P,Q}. 
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If we write \vP\ = i for P £ A 1 A, and deg(wP) = (v, \vP\), then it is clear that our bracket 
satisfies the following identities (for homogeneous a, b, c £ r(jF ® A*A)): 

• deg(afe) = deg(a) + deg(6) and deg([a, b\) = deg(a) + deg(6) - (0, 1) 

• (ab)c = a(bc) and ab = (-l)Hl b l&a 

• [a, 6c] = [a,b]c+ (-l)W-VWb[a,c] 

• [a, 6] = — ( — 1)CI«I— xJCIfcl— 1>[& 9 & ] 

. [o,[6,c]] = [[o ) 6],c] + (-l)(l-l- 1 KI 6 l- 1 )[6,[o,c]] 
We next extend d to a map d : T ® A 1 A* -> J 7 ® A i+1 A* in the obvious way. We also have a 
natural ^"-bilinear pairing on r(.F(g) A*A*) x r(jF(g) A*A), which for Vi,Wj £ J 7 , on £ and 
X,- G T(A), is given by 

((«! ® Ql ) • •• ® a p ), («,! ® Xx) • •■ K ® - | det(^^. ® a,^)) if It I ■ 

We define a morphism t : T ® A* A -> End (J 7 (8 A* A*) by (£,PQ) = (tp£,Q). For Pe tp is 

a derivation. 

We also define a morphism I : T ® A* A* — ► End(J r ® A*A) by (£rj,P) — (£,l(rj)P). For a £ 
T ® A* , 1(a) is a derivation on the right. Namely, 1(a) (PQ) = Pl(a)Q + (— 1)W (t(a)P)Q (where 
P, Q £ T ' ® A* A are homogeneous). 

Next, we notice that L[p,q\ — — [[tQ, d], tp]. This is easy to check, following the argument given 
in [21]. Also following an argument in [21] one can verify that, for ry £ T(!F <E) A*), 

l( V )[P,Q] - [P,KV)Q] ~ (-l) IQ| - 1 [%)^Q] = (-l) lQl - 2 (t(drj)(PQ) - Pi(d V )Q-(i(dr,)P)Q). 
From this, we calculate, for any (3 £ T(T ® A 2 A) and £, 77 € T(T ® A*), 

Furthermore, it is not difficult to verify that [/3, (r)£,/3)] = i(d{3(r], £))/?, while 

* (%d£)/? 2 - AZdri)[?) - (d£, 0) W + (dry, /3}r(£)/3 = £( ^dry - m^d^- 
Thus, we have, for /3 G r(F* ® A 2 A), 

= A^Opd-H - i>i{ v )p(k ~ d (P(£., i)))P - L mP dl l + L Xv)0 d £ + ? 7)) 
+ 5 '(ff) I/ 3 :/ 3 ] + l<i(£)l3l>X(7j)pH. 

It follows that /3 t defines an AV-Dir&c structure under our chosen splitting if and only if \ t (?y£ )[f} t ,Pt] = 
l(bi^jj t ti^p t H)f} t . To rewrite this, we let /3 : J 7 ® ^4* — > J 7 ® A be the map a — > — t(a)/3. The 
condition is then 

[/3 t ,A] = 2A 3 /3 t (tf). 

We differentiate both sides by £, and evaluate at 0. Since we have P = §i\ Q 0t an d Po = 0, the cubic 
term vanishes, and we see that the condition is 

[P,P]=0. 

The result follows immediately from this. 



□ 



We also have a bracket {, } on r(V), which for v,w £ T(V) is given by 
{v, w} — P(dv, dw). 

It satisfies the following properties (for / £ C°°(M)): 
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• {•, •} is bilinear. 

• {v, w} — ~{w, v} 

• {v, fw} = f{v, w} + (ao P(dv)(f))w 

• {u, {v, w}} = {{u, v}, w} + {v, {u, w}} (for any u, v, w £ r(V)) 

Since V is a line-bundle, this is quite similar to a Poisson structure. In particular, if U C M is 
an open set on which a £ T(V\u) is a local basis such that P(<r) = 0, then we have a morphism 

which allows us to define a Poisson structure on U, by 

{f,g} = p- 1 {p(f),p(g)}- 

In particular, if in some neighborhood U C M, V admits a non-zero yl-parallel section a £ r(V|r/), 
then P(a) = 0, and thus U is endowed with a Poisson structure. In fact, the Poisson structure 
associated to U is this way is unique up to a constant multiple. Furthermore, if it exists at one 
point on a leaf of A, then it exists for any neighborhood of any point in that leaf: 

Remark 9 (Poisson Structure on a Leaf of A). Suppose that F C M is a connected leaf of the 
foliation given by A, then a : A\p — > TF is a Lie algebroid, and we have an exact sequence of Lie 
algebroids given by — > L = ker(a) — > A\p — > TF — > 0, where L is actually a bundle of Lie algebras. 
The following are equivalent: 

• V admits an A|F-parallel section for any neighborhood U C F. 

• L acts trivially on V\f- 

• L x acts trivially on V x , for some point x £ F^\ 

Note that, up to a constant multiple, there is a unique ^-parallel section of V\f- Thus, if 
a £ r(V|f) is a non-zero ^4-parallel section we can associate a Poisson structure to F, unique up to 
a constant multiple. 

Remark 10 (Jacobi Structure). If V does not admit A-parallel sections, but for some U C M there 
is a canonical choice of a local basis a £ Y(y\jj\ we may still consider the isomorphism 

p-.c^^^^nviu), 

which allows us to define a bracket on C°°(U) by 

[f,g], = p- 1 {p(f),p(g)}- 

One notices that this bracket endows C°°(U) with a Lie algebra structure which is local in the sense 
that the linear operator 

D f : C°°(U) 9 ^ lLgU ) C°°(U) 

is local for all / £ C°°(U). It is an important result (See [25], [17] or [12]) that for any local Lie 
algebra structure, there exists unique A £ T(A 2 TM), and E £ T(TM) with [A, A] = -2A A E and 
[A, E]=0 such that 

[/, g]a = {/, g}A + f£xg - g£xf, 

where {f,g}\ = LdfZdgh. 

The triple (U,A,E) is then called a Jacobi manifold. Note however the dependence of A and E 
on <t; this is unlike the local Poisson structure which (if it exists) is unique up to a constant multiple. 



This follows from the fact that for any x,y £ F there is a Lie algebroid morphism of A covering a diffcomorphism 
of M which takes x to y. In addition these morphisms can be assumed to come from flowing along a section of A, 
and hence extend to V . 



14 



DAVID LI-BLAND 



Example 11 (CR Structures). As described in Section [6] a CR-structure on a manifold M can be 
described by a generalized CR structure. In this case, V can be taken to be the trivial bundle, and 
A can be taken to be TM. It follows from the above discussion that there is a Poisson structure 
P 6 T(A 2 TM) associated to the CR structure. 

If L C C <g> TM is the CR-structure, and if = Re(L © i) C TM, then P(T*M) C if. So the 
symplectic foliation associated to P is everywhere tangent to if. 

Example 12 (Quotients of Generalized Complex Structures). If the procedures described in Exam- 
ple [8] and Example [4] are applied to a generalized complex structure, then one obtains a generalized 
CR structure. 

Example 13 (Contact Structures and Generalized Contact Structures). Suppose that M is a contact 
manifold, then there is a canonical way to associate a generalized CR structure to M. In particular, 
if N = M x M is its symplectization, then N admits a generalized complex structure corresponding 
to its symplectic structure. K acts on N , and the quotient is a generalized CR structure on M (In 
the sense of Example [6] and Example |9| 

This procedure is also described in [TS] and [T3], where they describe it as a generalized contact 
structure. In fact any generalized contact structure results from the quotient of generalized complex 
structure, and as such can also be described as a generalized CR structure. 

Since the Lie algebroid A and the vector bundle V describe an £ 1 (M) structure, as given in 
Example [3j it can be checked that V does not admit parallel sections, and thus, in general, P € 
T(V* © A 2 A) does not describe a Poisson structure, but rather a Jacobi structure. When the 
generalized contact structure is simply a contact structure, then P corresponds to a Jacobi structure 
describing the contact structure. 

To be more explicit, we let M be a contact manifold with contact distribution £ c TM, and 
N = M x K its symplectization, where we let t : M X K. — ► R be the projection to the second factor, 
and u> E £l 2 (N) denote the corresponding symplectic form. (That is, uj — e t (drj + dt A 77), where 
r\ G Ann(£) is nowhere vanishing.) We note that = uj. 

Since iV is a symplectic manifold, we can associate to it a canonical generalized complex structure 
J : TN © T*N —>■ TN © T*N on the standard Courant algebroid 

-> T* N — > TN © T*N -> TiV -> 

(see [13] for details). 

The Poisson bivector tt € T(A 2 TA r ) associated to this generalized complex structure has the 
property that £o_tt = —tt (since it is the Poisson bivector corresponding to uj). It follows that we 

dt 

can write tt = e~*(A + ^ A E) for E e T(M), and A <E T(A 2 M). Then [tt, tt] = implies that 

= [tt, tt] = [e- { (A + A E), e -*(A + A £)] = e~ 2t [A, A] - 2e~ 2t A A E + 2 e - 2t A [A, £1. 

at at ill 

From this it follows that [A, A] = — 2 A A E and [A,E] = 0, which are the defining conditions for a 

Jacobi structure (A, E) on M. 

Now, we consider the TM©K — K Courant algebroid structure on M, given by taking the quotient 

by the G = R action on N = M x K, 

-,. T*iV/G -> (TJV © T*N)/G — > TN/G — > 0, 

and the generalized CR structure on M given by quotient homomorphism 

J := J/G : {TN®T*N)/G -> (TN ®T*N)/G. 

They define an AF-Courant algebroid, where ^4 = TN/G, and the bundle V — > M is trivial, with 
r(F) ~ C°°(N) G (this is in fact an f 1 (M) structure, see [TS]). Abusing notation, we denote by 
e* e r(V) the section associated to the G-invariant function e* G C°°(N). 
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Then the bivector P £ T(V* ® /\ 2 A) associated to the generalized CR structure on M is simply 
e~*(A + ^ A £), and it defines a Jacobi structure on M, with bivector field A and vector field E. 
Since A™ AE ^ (where dim(M) = 2ri + 1) this Jacobi structure corresponds to a contact structure. 
In fact, the contact distribution is given by span{i Q A | a £ T * M}; and if 6 £ Q 1 (M) satisfies 
IgA = and lqE — 1, then 6 is a contact form. It is not difficult to see that this is the original 
contact structure, £, defined on M. (In fact, if u> = e t (drj + dt A rj) is the symplectic form on N 
(where r] £ Ann(£) is nowhere vanishing), then E is a reeb vector field for 77 and — rj.) 

We must note that, if instead of trivializing V by the section e* £ T(V), we made the transforma- 
tion e* — > /e', for some nowhere vanishing / e C°°(M), then the appropriate changes to the Jacobi 
structure would be A — > /A, _E — > /E 1 — t^/A, and the transformation for the contact form would 
be 8 — ► j 6*. Thus it is clear that the freedom to modify the trivializing section of V by a scalar 
multiple does not change the contact distribution, and fully accounts for the freedom to change the 
contact form by a scalar multiple. Indeed the generalized CR structure is defined intrinsically. 



Suppose that M is a manifold, A is a Lie algcbroid over M, V is an A-module over M, and A is 
an AV-Courant algebroid over M. 

For X,Y £ T(A), we have the following identities: 

• [tjcjiy] = 

• [d, Lx) = £x 

• [Cxi l y] = L [X,Y] 

• [d, d]=0 

• [C x ,d] = 

• [Cx,Cy] = £[X,Y] 

We will provide the proof we promised for Proposition [I] which we restate here: 

Proposition 9. Let <fi : A — > A be an isotropic splitting. Then under the isomorphism <f> © j : 
A © (V ® A*) — ► A, the bracket is given by 



where X, Y £ T(A), £,77 £ T(V <8> A*), and 77 £ T(V ® A 3 A*), with dH^ = 0. 

Furthermore, ifip : A — > A is a different choice of isotropic splitting, then ip(X) = 4>(X)+j(ix(5), 
and Hjf, = H^ — d/3, where (3 £ T(V <g> A 2 A*). 



8. Appendix: Proof of Proposition \T\ 



\x + f , y + 77] = [x, r] + - i Y dt + l x l y h^, 



Proof. The proof will follow immediately from the following lemmas: 



□ 



Lemma 1. If £ £ T(V <g> A*), and e £ T(A), then [e, = j(Ar( e )0 
Proof. Let ei, e 2 G L(A), £ € r(V" <g> A*). 

(Iei,i(01,e 2 ) - Ar( e o0'(0.ea>-(j(0.[ei,e 2 ]) 




□ 



Lemma 2. 7/£ e r(F ® A*), and e £ T(A), then [?(£), el 
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Proof. 

Hit),*} = D(m,e)-le,M)j 

= j(d^(e)0 ~ j(Ar(e)f) 

= j(d^(e)^ - (^r(e)^C + rft 7r(e)C)) 

□ 

Lemma 3. If <f> : A —t h is an isotropic splitting, and if X,Y G T(A) then 

[0(X), 0(F)] - 4>{[X, Y]) = j(lxiyH), 

where H G T(V® A 3 A*). 

Proof. Let be an isotropic splitting, and A, Y, Z G I\A). Then 

7r([0(x),0(F)]-0([x,F])) = o, 

so by exactness of the sequence (j^J, [0(A), 0(F)] - 0([A, Y]) G j(r(V ® A*)). We define # by 

H(X,Y,Z) = (0(Z), [0(A), 0(F)] -0([A,F])) 
= (0(Z), [0(A), 0(F)]) 

where the second equality follows since is an isotropic splitting. It is obvious that H is tensorial 
in Z. Furthermore, making repeated use of the fact that is an isotropic splitting, we check that 
H is skew-symmetric: 

(0(Z), [0(A), 0(F)]) = (0(Z), -[0(F), 0(X)]+D(0(X), 0(F))) 
= -<0(Z),[0(F),0(X)]) 

and 

= £*(0(Z),0(F)) 

= (MX), 0(Z)], 0(F)) + (0(Z), [0(A), 0(F)]) 

It follows that Zf G r(V <8> A 3 vF). □ 
Lemma 4. Using the notation of the previous lemmas, dH = 0. 
Proof. Using the fact that [£j, by] = l [x,y]> ^ ^ s easv to show that 

di z iyix + izLytxd = Lz^y^x + Cy^x^z + Cx^z^y + lzi>\y,X] + l y l [x,z\ + ^x^\z,y\- 
Let : A — > A be an isotropic splitting. We shall use the identification 

A®(V®A*)^A 
explicitly throughout this section. We have, for X, F, Z G T(^4), 

[X,F] = [X,F]+i^ Fj ff. 
Then using Axiom (AV-[TJ fr om the definition of an AF-Courant algebroid, we see that 

= [Z,[Y,Xl4t-llZ,Yl*,Xl*-[Y,lZ,Xl*h 

= \Z, [F, X] + LyL X H^ - \[Z, F] + l Z L Y H, A] - [F [Z, X] + 

= \Z, [F, A]] + CziyixH - {[Z, F], A] + L X di Z L Y H - [F, [Z, A]] - C y l z lxH 

= lZ,[Y,X%-l[Z,Y],X\ <t ,-lY,[Z,X% 

+Cz^y^xH + Cx^zi-yH + CyLxi'zH — dtziy txH 
= [Z, [F, A]] + tztp.jqfl- - [[Z, F], A] - i [ZtY] i x H - [F, [Z, A]] - i Y L [ZtX ]H 

+Cz^Y L xH + Cx^Z^yH + Cy Lx L zH — diziy ixH 

= [Z, [F, A]] - [[Z, F], A] - [F, [Z, A]] + tztp^fl" + ixi[z,Y]H+ iyi [x ,z)H 

+Czi'Y i xH + Cx^z^yH + Cyix^zH — diziyLxH 
= l z Ly I'xdH. 



j4V-COURANT algebroids 



17 



□ 

Lemma 5. Let (f> : A — > A and ip : A — > A &e iwo isotropic splittings, and let and be the 
elements of T(V ® A 3 yl*) associated to the corresponding splittings. Namely, if X,Y G r(A), fften 
l<f>(X), 4>(Y)l — (f>([X, Y]) + jixiyH^, and similarly for H^. 

Then there exists (3 G T(V <g> A 2 A*) sttc/i that ip(X) = + «md = H<t> ~ d (3. 

Proof. Since cf> and "0 are splittings, we see that 

7r((^-V)(X)) = 0. 



Thus, by the exactness of the sequence (2.2 1, (0 — ip)(X) = jo S'(X) for some linear map 5 : A 
V® A*. 

However since the splittings are isotropic, 

o = (4>{X),4>{Y)) 

= (ii(X)+joS(X),i>(Y)+joS(Y)) 
= S(X)(Y) + S(Y)(X), 

so we can define (3 G r(V ® A 2 A*) by l x (3 = S(X). Then, we see that 

^{[X,Y]) + l x l y H^ = l4>{X)+j{i X p)^{Y) +] {L Y p)\ 

= <f>{[X, Y}) + j(C x t Y f3 - i Y di X (3 + l x l y H^) 

= 4>{[X, Y]) + j(L X L Y H^) + j(£ X L Y f3 - L Y C x p + L Y L X df3) 

= <t>([X, Y]) + j{i x i Y nj\ + j{L[ X , Y] P + i Y i X d/3) 

= 4>{[X, Y)) + j{i [x ,Y]0) + HixiyH^ - L X i Y d(3) 



so we have 



1p([X, Y])+j(L X tYH^, - L X L Y df3), 

Hif, = Hcf, — dp. 



a 
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